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This paper is devoted to the asymptotic behavior for some evolution equations 
when the underlying Euclidean domain is unbounded. We present a method that is 
able to overcome the lack of compactness of the trajectories in such situations, and 
that allows us to obtain some results on the global attractor similar to those on 
bounded domains. This method is based on the utilization of an appropriate weight 
integration function that depends on .Y and t and becomes elTective (in x) for 
large t’s c 1990 Academic Press. Inc. 
The problem of understanding the long-time behavior of nonlinear 
evolution equations is generally considered to be of fundamental impor- 
tance, due to its relevance to many physical phenomena. For dissipative 
equations, the first step is to establish the existence of a global attractor, 
i.e., a compact invariant set, which attracts every bounded set of initial 
conditions and is maximal with respect o these properties. 
When the existence of the global attractor is established, a further step 
consists in estimating its dimension, in the sense of the Hausdorff or fractal 
dimension; a finite bound for the latter means that the system has an 
asymptotic behavior determined by a finite number of degrees of freedom, 
indeed a remarkable improvement compared to the a priori infinite-dimen- 
sional dynamics. 
The issue of establishing the existence of the global attractor and 
estimating its dimension has been succesfully addressed in numerous 
papers, dealing with a variety of problems: Retarded functional differential 
equations [HMO, Hl 1, strongly damped nonlinear wave equations [Ma], 
gradient systems [Hl, BV], as well as problems arising in fluid mechanics 
[FT, CFT, CFMT] magnetohydrodynamics [ST], pattern formation 
equations [NST], reaction-diffusion problems [M, GMT]. For a general 
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exposition of the methods and results evoked above, the reader is referred 
to [Hl, T]. 
The existence of the global attractor and the estimate of its dimension 
hinge crucially upon the compactness of o-limit sets of trajectories; in the 
previous study of nonlinear parabolic dynamics, this compactness require- 
ment was trivially satisfied, the trajectories themselves being precompact. It
is our aim in this paper to present a method that applies when this precom- 
pactness property does not hold true any longer. We will replace it by a 
weaker property which, roughly speaking, says that the orbits are 
asymptotically precompact in the adapted function space. Essentially this 
will amount to proving that the solution operator is asymptotically 
smooth, in the terminology of [Hl, H2]. 
Typically, we want to consider an evolution equation for functions 
defined on an unbounded euclidean domain, A model problem is the 
following equation on a strip Q = R’ x (0, d) of the euclidean space lR*: 
g-vnu+(f.Vu)u=f in Q, 
u=O at x,=d and x,=0, 
u(0) = z&J in Sz. 
Here f=f(x) is in L*(Q) and E is as in (11.1.1). One can easily prove the 
existence and uniqueness of the solution u, and the existence of an absorbing 
set in H’(Q), i.e., a bounded set reached by every trajectory in a finite time. 
Unfortunately, the injection of H’(Q) into L*(Q) is not compact, and one 
cannot apply the general result of [T, Chap. I, Theorem 1.31 to this 
situation. We will then rely on some time-dependent weighted estimates for 
the solution u to establish the existence of the global attractor (provided 
that the right-hand side f satisfies some suitable assumptions of decay at 
infinity). Furthermore, we will be able to derive an upper bound for the 
fractal dimension of the global attractor, explicitly given in terms of the 
data of the problem. A similar approach can be used for different problems, 
and we found it interesting to describe a rather general setting for which 
the same basic idea leads to an existence result for the maximal attractor. 
As for the estimate of the fractional dimension of the latter, the type of the 
general assumptions one comes up with is not a natural one, and we prefer 
to carry out the calculations for each particular example. The paper is 
organized as follows: In the first section, we state and prove the result 
concerning the existence of the global attractor for an abstract evolution 
equation, and in the second section, we study some examples that fit in this 
framework. Finally, in the third section, we estimate the fractal dimension 
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of the global attractors associated to the examples mentioned above. For 
notational convenience, the letter C will stand for a strictly positive 
constant, which may take different values throughout the article. 
I. A GENERAL EXISTENCE RESULT FOR THE GLOBAL ATTRACTOR 
In this section, we present the general setting adapted to the situations 
that we consider. Let Q be a smooth unbounded open set of the 
k-dimensional euclidean space [Wk. We denote by H the Hilbert space 
(L*(Q))’ and by V the dense subspace (Hr(Q))P. The norm and scalar 
product on V (resp. H) will be denoted by II.11 and (( ., . )) (resp. I.1 and 
(. , . )). We are interested in the evolution problem 
lb.4 
-$+Au+B(u)+Ru=f in H, 
u(0) = u(j in H, 
(1.1.1) 
UE v. 
A is an isomorphism from V onto V’, and can be viewed alternately as an 
unbounded operator on H, with domain D(A) c H. The data f, u,, are 
given in H, and A, R, B satisfy the following assumptions: 
(I. 1.i) R is linear continuous from V into V’, and maps D(A) 
into H; 
(I.l.ii) There exist oie [0, I( , i = 1, 2, such that 
lRz.4 <C ll~ll’-‘~ IAuJ”‘, VUED (A), 
I(Ru, u)l <C llz~ll’+‘~ JuI~-‘~, V’UE v; 
(I. l.iii) A and (A + R) are V-coercive, 
(Au, u) v,,v~~ 11412~ ((A +R)u, u)v,x v>P Ilul12; 
(I. 1 .iv) B(u) is a nonlinear operator from V into V’ defined by 
(B(u)> 0) v,x v = (B(u, u), 0) v,x v 
and B is a bilinear continuous operator satisfying the following set of 
properties: 
(1.1.~) &? maps Vx V into V’ and D(A) x D(A) into H; 
(I.l.vi) (B(u, v), u)~.~ ,=O V(u, U)E V2, 
(I.l.vii) There exist 8, E [0, l( , i= 3, 4, 5, such that 
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I(~‘(4 u), w)l G c Ilull II4 11~11°’ Iwl ‘--H3, V(u, v, W)E v3, 
I@(% ON + I~(% u)l d c Ilull llfJlll -& 14°4, V(u, u) E vx D(A), 
pi?(u, o)<ClulO~ llull’-*5 ljUll’-e5 I‘4Lq05, V(u, u) E vx D(A). 
It is not easy to obtain a solution of (Il.1 ) that satisfies the classical a 
priori estimates of the compact case; as we want to avoid complicated 
hypotheses that would make this section unnecessarily lengthy, we shall 
assume, in the rest of Section I, that the following result of existence and 
regularity holds true: 
(H) For every U, in H, there exists a unique u in L”(0, +co; H)n 
L2(0, T; V) solution of (I. 1.1) for every T > 0; furthermore, for every t, > 0, 
u is in L5(t0, +co; V) n Lt,(to, +co; D(A)). 
This hypothesis is rather sensible and, needless to say, will be verified for 
each concrete equation of section II. 
As a first consequence of (H), there holds 
PROPOSITION 1.1.1. There exists a bounded absorbing set K in V, and the 
orbit of (I. 1.1) through uO in H reaches K in finite time and remains in it. 
Proof. See [T, Chap. III]. 
Due to the noncompactness of the injection from V into H, we need to 
reline the method, presented in [FT], for the study of the existence of a 
global attractor. In order to do so, we focus our attention on the solutions 
of (1.1.1) obtained when specifying a certain kind of decay at infinity for the 
right-hand side f of (1.1.1); more precisely, we assume that f is in a 
weighted L2 space: 
s lf12(x)(1 + lx12)“*dx< +CO. (1.1.2) a 
Due to the fact that u0 belongs only to H, we cannot derive time-independ- 
ent weighted estimates for the solution u of (1.1.1); we therefore introduce 
a weight function I/ = $(x, t), comparable to (1 + 1x1 2)1/2 for large values of 
t, but uniformly bounded for t in a bounded interval: 
+(x, t) = (1 + lx12)‘/2 (1 -e-‘!” + I-W). (1.1.3) 
Such a choice for II/ is motivated by technical properties that we will use 
in due course, and that we list below: 
(I.l.viii) (IX) $(x, t) 3 0, $(x, 0) = 0; 
(/I) all the derivatives of order > 1 of II/ are bounded functions; 
(y) Ii/(x, t)+ +a3 when (1x1, t)-+ + co. 
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These properties are readily verified by straightforward calculations. Before 
stating our main result, we make some technical assumptions on A, R, B: 
(Au, u$) is the sum of two terms A,(u, $)+AZ(u, II/) such that (1.1.4) 
($-coercivity) A,(u,$)>y 1 lu12$dx, y>O (1.1.4.i) 
R 
/(B(u) + Ru, u$) + A,(u, $)I is bounded above by a locally bounded 
function of Ilull, D‘ll/, with 1~1 >, 1. (1.1.4.ii) 
We can now state and prove: 
THEOREM 1.1.2. Under the assumptions (1.l.i) to (I.l.vii), (H), (1.1.2) and 
(I. 1.4), the dynamical system associated to the evolution problem (1.1.1) 
possesses a global attractor, i.e., a compact invariant set which attracts every 
bounded set in H and which is maximal with respect to these properties. 
The proof of theorem 1.1.1 depends on several propositions: 
PROPOSITION 1.1.3. Under the assumptions (1.1.2) (1.1.4), (H), the solu- 
tion u of (1.1.1) satisfies the weighted estimate 
SUP j I& t)12 $(x, t) dx < C, 
1<r<+z s-2 
(1.1.5) 
where C depends boundedly on f and /uOI. 
Proof: We first remark that, for any given t, SD /u12(x, t) $(x, t) dx is 
finite: $(x, t) is equivalent to t when 1x1 is large and t is fixed. We start 
from 
du 
z+Au+B(u)+ Ru=J 
Taking the scalar product with (u$) and integrating by parts yields 
;$ ja lu121jldx+jQ (Au.$u)dx 
= i, (f,u)$dx-JQ (A(u)+Ru)u$dx+;jn lu12$dx. 
Now, (I. 1.4) implies 
(1.1.6) 
1 d -- j lu121cIdx+y jQ lu121cIdx~ ja (/.)idx~+~(llull,n~~) 2dt D 
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with 1~1 2 1 and L locally bounded. Therefore, using Proposition 1.1.1, we 
know that L( IIuII, D”+) is bounded for 1 < t d +co, say. Applying the 
Cauchy-Schwarz and Young inequalities to (jQ (f, u)$ dx), we obtain 
Integrating in time between 1 and t yields 
s D lulZ~d.i4~(l-e~“)+E”‘-‘) j Iu2(x, 1)1 $(x, 1)dx (1.1.7) D 
and our claim.is proven. u 
Remark 1.1.4. It is obvious from the previous proof that the choice of 
the initial time t, = 1 is highly arbitrary: any to > 0 is suitable. 
Remark 1.1.5. The important properties of the weight function $(x, t) 
are exactly the ones listed in (I.l.viii), which makes it possible to allow a 
wide variety of different weight functions, instead of the particular one we 
have chosen. Nevertheless, the simple idea of obtaining time-independent 
weighted estimates for u in afinite time, with a weight function cp(x, t) such 
that cp(x, 0) =O, cp(x, 1) = q(x), say, cannot work in general situations, 
since assumption (I.l.viii) (p) will fail to be satisfied by the time derivative 
of cp. This is the reason we have chosen such a function cp. Fortunately, the 
asymptotic smoothing properties of the solution operator will be sufficient 
for our purpose. 
Remark 1.1.6. The existence of an absorbing bounded set implies 
- 
lim i Iu/* $.dx6 C, r-+x Q 
where C does not depend on the initial datum uO. 
PROPOSITION 1.1.7. Let u, = u( ., t,), where t, is a sequence of positive 
numbers tending to infinity. Then {u,} is relatively compact in H. 
Proof: We first note that jn Ju,l* $(x, t,) dx is bounded and that u, 
is bounded in V. We can extract a subsequence, still denoted by u,, 
converging weakly to some 1 in H. 
Let us now choose a sequence (si) of strictly positive real numbers 
monotically decreasing to zero. For each Ed, there exists a real M,>O such 
that 
s lx(x)12 dxcEi an {rerw’. l vl.>M,} 3 (1.1.9) 
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and 
s &i Iu,(x, ?)I2 d,x<- for t, > M;. Rn(.xER~,lxl2M,] 3 
The first assertion is obviously true, since x is a fixed function in H, and 
the second assertion is easily seen to hold true by writing 
I Rn{l.YI>M,} 
Iu,12 dx= j I~n12 ti(x> t,) 6 dx 
2 n 
and using the fact (I.l.viii) (y) that $(x, t) goes to infinity when both 1x1, 
t go to infinity. We then extract from u, a subsequence ~4: such that ui con- 
verges strongly to x in (L’(Q n {x E [W’, 1x1 6 M;}))‘. This is made possible 
by the compactness of the injection of H’ into L* for bounded domains. It 
is now possible, through the celebrated Cantor diagonalization process, to 
prove that the sequence (uj) converges to x strongly in H. 1 
We now proceed to prove Theorem 1.1.2. 
First of all, one easily notices that the obvious candidate for the global 
attractor is the o-limit set w(K) of the absorbing set K introduced in 
Proposition 1.1.1. Along the lines of [T, Chap. I, Theorem I.1 1, only one 
thing remains to prove, namely that w(K) is compact in H. Let ( gi),E N be 
a sequence of elements of o(K). By definition, there exists a sequence 
(y:, t’), Y:EK, t:+ +cc when n+ +co, such that 
lim S( t’)( yr) = gj in H, (1.1.10) 
n- +3t 
S(t) being the semi-group associated to (1.1.1). We want to show that there 
exists a subsequence of (g,) strongly converging to some g in H. As before, 
we first choose a subsequence, still denoted by gj, which converges weakly 
to g in H. From the proof of Proposition 1.1.7, it suflices to prove the 
uniform estimate 
VE > 0, IN, Vi, 
s nn(lEIWk,,X,.NJ ki(X)12dX--. (1.1.11) 
Using the sequence y; and the weighted estimate, we have 
VE >O, IN, Vi, Vn, 
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which implies 
V/E, 3N, Vi, lim 
5 
IS(t dx<E. 
n-t +a nn(rtR~.I:I2Nj 
By lower semi-continuity, we then obtain (N is a fixed number) 
and (1.1.11) holds true. 1 
II. EXISTENCE OF THE GLOBAL ATTRACTOR FOR 
SOME CONCRETE EVOLUTION EQUATIONS 
1. A Model Problem on a Strip 
We let Q be the strip R x (0, d) in R*; we are interested in the asymptotic 
behavior of the transport problem: 
g-"du+U(l.v+f in 52, 
UEH$q for all t > 0, (11.1.1) 
u(0) = ug in L*(O), 
where f is given in L2(Q), 1 is a smooth divergence-free function, and v is 
a strictly positive real number. Problem (11.1.1) fits in the general setting of 
Section I as follows: 
H= L*(Q), v= H#2), A= -VA, B(u)rqu, u), 
and 
L%?(u, v, w) = j u(l .Vv)w dx. 
R 
Since Sz is bounded in one direction, it is well known that the Poincare 
inequality applies in 0, 
vu E H#2), (s, u2(x)dx)“*<d(jQ lVu(x),‘dx)“*, (11.1.2) 
where d is the width of B, and thus the norm 11. I( in V will be defined as 
C.fn IWx)l* dx)“*, equivalent to the canonical norm of HA(Q). In order to 
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prove that (H) is satisfied, we need to check Assumptions (1.l.i) to (I.l.vii), 
in particular (I.l.vii). Using the Holder and Sobolev inequalities, we find: 
(1I.l.i) [B(u, v, w)l 6 C lluil l[vll IIu~ll~‘~ [w/114 for 24, v, w in V, 
(II.l.ii) l@(u, v)j v, + IB(v, u)l v. d C Iul 11011”~ Iu $~, for (u, v) in 
Vx WA), 
(II.l.iii) IL&?(u, o)l y, d C l~l”~ Ilull ‘I2 ilull Ii2 JuI $,a, for (u, v) in 
VXWA), 
where the constants above depend on 1 and d only. 
The fact that (I.l.vii) holds true is a consequence of 
LEMMA 11.1.1. The norm IAul is equivalent, in D(A) = H2(Q) n V, to the 
canonical norm of H2(Q). 
Proof: See Appendix 1 
The proof of the existence of a solution u of (11.1.1) satisfying (H) 
proceeds along the following lines: we first define approximate solutions u, 
in the truncated strip 0, = ( -n, n) x (0, d). For each n, we derive a priori 
estimates on fn, Iu,I’dx, jn, IVu,12dx, and JtfR, ldu,J2dx, as in [T, 
Chap. III, Section 31. It is then rather simple to remark that these estimates 
are uniform in n, as they depend only on IuJ, If 1, d, and v. As a conse- 
quence, these estimates are still valid as n tends to infinity, which yields the 
desired estimate for the actual solution u. Of course, the method of [T, 
Chap. III, Section 31 does not apply directly, for A ~’ is not a compact 
operator any more. 
Our main result is the following: 
THEOREM 11.1.2. Let use assume that the right-hand side f of problem 
(II. 1.1) satisfies the weighted estimate 
I R lf(~)l’(l+Ixl)“~dx< +oo. 
Then the dynamical system associated to (11.1.1) possesses a global attractor 
in H. 
Proof: We need to check that Assumptions (I. 1.4.i) and (I. 1.4.ii) hold 
true. We have 
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For r 3 I, say, $ is bounded from below, uniformly in 52 x [ 1, +co ); we 
therefore write 
A,(u, $) obviously satisfies the Il/-coercivity condition, thanks to the Poin- 
cart: inequality. 
As for (1.1.4.ii), we have 
+v u2- s 
lW12 dx 
a 4$ 
(using (I.l.viii)(fl)) 
and therefore an integration by parts yields (we recall that V. l=O) 
(Since H’(Q) is continuously imbedded in L3(LI)) 
~w42V~h 
where L is locally bounded. Theorem 1.12 applies, and our claim is 
proven. 1 
2. A Problem in an Exterior Domain 
We now let 52 be the exterior of a smooth bounded open set, and study 
the similar evolution problem 
g-vdu+au+u(l.Vu)=f in Dx(O,+co), 
(11.2.1) u E f&$2) for all t => 0, 
u(O)=u, in L2(R). 
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The main difference between Problems (11.1.1) and (11.1.2) is that the Poin- 
care inequality does not hold true any longer in Q, which makes the term 
(a . u), c( > 0, essential. The functional setting is the same as before, except 
for the norm in V, which is now the full H’ norm, 
j/uI( = ( jQ I221 dx+ j,, IVu12 dxji2. 
The operator A is now defined as (-VA + aZ), and we shall need 
LEMMA 11.2.1. The norm IAul is equivalent, in D(A) = H*(Q) n V, to the 
canonical norm of H2(Q). 
Once again, the validity of the hypothesis (H) is proven by using 
approximate solutions, choosing an increasing sequence of smooth 
bounded sets approximating Q, and checking that the estimates on the 
approximate solutions are uniform in n; in this case, they will depend only 
on /f 1, (~~1, c(, v. We recall that the direct method of [T, Chap. III, 
Section 31 hinges on the fact that A ~’ is a compact operator and therefore 
cannot be used in this situation. 
We now state the existence result for the maximal attractor: 
PROPOSITION 11.2.2. Let us assume that the right-hand side f of 
Eq. (11.2.1) is such that 
i I f(x)l’(l + Ix12)“2dx< sm. R 
Then the dynamical system associated to (11.2.1) possesses a global attractor 
in H. 
Proof: We have 
(Au, ut,b) = (v jQ IVu12 $ dx + a jQ u’$ dr) + (v I, u(Vu .Vij) dx) 
A,(u, $) obviously satisfies the +-coercivity assumption; as for the term 
(B(u), u$) + A,(u, II/), it is dealt with exactly as in the proof of Theorem 
11.1.1. 1 
Remark 11.2.3. Theorem 11.2.1 holds for more general domains, i.e., in 
every smooth Q such that Lemma 11.2.1 holds true. 
505:83/l-7 
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3. A Fourth-Order Equation on the Real Line 
This last example deals with a one-dimensional equation with a fourth- 
order elliptic operator, which is related to the Kuramoto-Shivashinsky 
equation 
au a% 
~+cJ’\p+w+u~=f in (I-a3,aC U1b,+oo[)x(O,+co), i 
uEH$]-co,a[ U]b,+co[) for all t > 0, 
u(0) = ug in L*(]-ccj,a[ U]b,+co[). 
(11.3.1) 
We set Q=]-a,a[ U]b,+co[, H=L*(Q), V=Hi(Q), A=~d~/ax+~z, 
(~(u, 4, WI = fn u v a ia x w dx; a, h are two real numbers with a < h, and 0, 
r are strictly positive. As for (II.2.1), the term (zu) is essential to ensure 
the well-posedness of the evolution problem, especially for the validity of 
the hypothesis (H). We state directly the existence result for the global 
attractor: 
THEOREM 11.3.1. Under the assumption 
I If(x (1 + lx1*)“* dx< +a R 
the dynamical system associated to (11.3.1) possesses a global attractor in H 
Proof. Let us check that Assumptions (1.1.4) are satisfied. 
As in the previous examples, we start with the term 
(after several integrations by parts) 
=A~(u, II/)+A2(4 II/), 
The required assumption on A,(#, tj) being obviously satisfied, we now 
study the term (B(u), utj) + A,(u, $), performing an integration by parts, 
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(Thanks to Sobolev’s inequalities and (I.l.viii)(/?)) 
where L is a locally bounded function, and Theorem 11.3.1 is proven. 1 
Remark 11.3.2. (i) Along the same lines, one can prove a similar result 
for a slightly more general equations involving a nondissipative term, 
provided that 6 is small enough: 6 < 2ar. 
(ii) The case D = R is dealt with a similar fashion, and the results are 
the same. 
Remark 11.3.3. In more general situations, one would like to consider 
an evolution equation involving an elliptic differential operator A = 
c ,r,, lpI <m ( - 1)’ @%Q”). A sufficient condition for the $-coercivity 
assumption (1.1.4.i) to hold is that the operator A be uniformly elliptic in 
Q and that the lowest order term a, be bounded from below by a strictly 
positive real number. This condition seems a natural one in an unbounded 
domain, and is easily seen to ensure that Assumption (1.1.4.i) holds true. 
III. ESTIMATES FOR THE FRACTAL DIMENSION OF 
THE GLOBAL ATTRACTOR 
In this final section, we investigate the finite dimensionality of the maxi- 
mal attractor for the examples of Section II. For each of the latter, we 
prove that the maximal attractor is actually finite-dimensional in the sense 
of the fractal dimension and provide an upper bound for its dimension in 
terms of the data of the problem. These estimates hinge on some general 
results, a complete exposition of which is to be found in [T], and we 
merely recall those appropriate for our purpose. The finite dimensionality 
of the attractor has also been studied, under different assumptions, in 
several papers such as [M, MP, DO], all requiring a compactness 
property which is not satisfied in the present case. Using the notations of 
Section I, we denote by S(t) the semi-group associated to Eq. (I.l.l), and 
by 6X the maximal attractor provided by Theorem 1.1.2. For t > 0 given, 
s(t) is said to be uniformly differentiable on a if there exists an application 
505!X3/1-7’ 
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T(t) from H into Lin (H) (the space of linear continuous mappings from 
H into itself) such that 
lim i sup 
IS(t)uo- s(tbo - =wt)(uo) (uo - UON 
1 
= o (III 1 1) 
. . 
and 
(111.1.2) 
In order to introduce the Lyapunov exponents for the dynamical system, 
we define the sequences 
tn(y(t)uO)= Il’n~(f)(UO)llLin(~“H), 
where A”2 is the nth exterior power of 2, 
(111.1.3) 
L(t) = sup Sn(-rP(t)Uo), 
uotn 
l7,= lim (<,(t)“‘). 
t--t +3c 
(111.1.4) 
(111.1.5) 
Using the definitions above, the Lyapunov numbers A, and the Lyapunov 
exponents p,, are respectively defined by 
n 
A, =n,, /in=2 II 
for n 3 2, (111.1.6) 
n-1 
pL, = Log A,. (111.1.7) 
We now state the consequences of the general theory developed in the 
references quoted above: 
PROPOSITION 111.1.1. Under the assumptions (111.1.1) (111.1.2), if there 
exists an integer n such that (Cr= 1 pi) < 0, the global attractor ol has finite 
fractal dimension dF(‘T$), and the following inequality holds true: 
&(a)G(n+l) Max 
I<i<n 
. 
In order to be able to estimate the pi, we use a particular version of 
Proposition 111.1.1, adapted to the evolution equations [CFT, T] : 
PROPOSITION 111.1.2. Let f be the nonlinear operator 
T(u) = Au + B(u) + Ru 
GLOBAL ATTRACTORS 99 
and r’(u) be its derivative at u. Let furthermore Q be an arbitrary, time- 
independent projector on H. We define the sequence q,, by 
qn= lim - 
r--r +z 
Tr(T’(u(s)) 0 Q) ds , 
where u(t) is the solution of (1.1.1) with initial datum uO. If there exists an 
integer n such that q,, > 0, the fractal dimension d,(a) of the attractor is 
bounded from above by 
The practical interest of Proposition 111.1.2 lies in the fact that, for the 
examples we consider, we are actually able to estimate Tr(T’(u) 0 Q), using 
some remarkable extensions of Sobolev’s inequalities, first introduced in 
[LT], and extended to more general situations in [NST, GMT]. In each 
case, we will proceed along the same lines: we let (ii) 1 < i 6 n be any 
family in (D(A) n I/)“, orthonormal in H, and Qn be the orthogonal 
prqjector onto Span { ii}; we then estimate the qn’s, using the expression for 
yr(k’(u) 0 Q,,), 
Tr(r’(u)o QJ = i (r’(u) ii, 5i), 
i=l 
and provide conditions on n for qn to be >O. Finally, we provide an 
estimate for the fractal dimension of the maximal attractor. 
s EXAMPLE 1. The problem in a strip. When applied to Problem (11.1.1 ),
the general method exposed above leads to the following result: 
THEOREM 111.1.3. The global attractor a, associated to (11.1.1) has finite 
fractal dimension dr(a,) and dF(6El) satisfies the inequality 
d,(a,)~ 
( 
l+w42d4~f~2 *, 
V4 > 
where C, is an absolute constant. 
Proof. We first point out the fact that the assumptions (111.1.1) 
(111.1.2) can be checked through direct computations, and refer the inter- 
ested reader to [IT, Chap. IV, Section 8). In order to estimate the q, 
(Proposition 111.1.2), we choose an arbitrary family (li), ~ i..n in 
(H’(S2)n I’)“, orthonormal in L*(Q). We denote by Qn the orthogonal 
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projector on Span{{,}; we thus have (dropping momentarily the time 
variable in the expressions): 
Tr(~‘(u)oQ,)= 1 (r’(u) ii, ii), 
i=l 
where the derivative r’(u) is easily seen to be given by 
f’(u)u= -vdo+u(l.vu)+u(l~vu). 
We therefore obtain 
Tr(T’(u)oQ,)= i (-vdij+(l.Vu)i,+(l.Vr,)u, i,) 
r=l 
(after integrating by parts) 
=v j i ,vij,2dx+; i, (l.Vu)( i 12) d-c. 
Q i=l i= I 
We set y(x) = C:=, [f(x) and write, using the Cauchy-Schwarz inequality, 
1 
I j 
j (l.Vu)y(x)dx~4~(j ,l.vu,2dx)1'2(j~y2(x)dx) 
112 
R n 
(using the LiebThirring inequality) 
(using Young’s inequality) 
The remarkable fact is that the constant C, above does not depend on n, 
nor does it depend on the size of Sz: it actually depends only on its shape 
(see [LT, GMT] for more details). We then obtain 
(Thanks to Poincare inequality in the strip Q) 
V 
+.n-~ i, ll.Vu12dx. 
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We recall that d is the width of Q, and that the ii’s are an orthonormal 
family in H. We now obtain 
Defining /IT = hm 7I _ +~ (l/t) Jh(lQ /Vu/’ dx) ds, we obtain 
for t large enough. In particular, a sufficient condition for q,l to be strictly 
larger than zero is 
C; Ill2 /I: d2 e 
n> 
v2 ’ 
(111.1.8) 
and this condition can obviously be satisfied for n large enough, provided 
that p1 is finite. 
To estimate b, we return to Eq. (II.1 .l ), 
Multiplying by u and integrating over Q yields: 
; -$ Iu12 + v 11412 = (f, u), 
Using the Poincare and Schwarz inequalities, we obtain 
which gives, for lu(t)[, 
Using this bound, and going back to (111.1.9), we get 
(111.1.9) 
I14s)l12 df) Q Ifl (i j; l4s)l ds) +& (luo12- lu(t)12), 
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from which we can derive the following estimate for fir: 
To obtain the estimate for the fractal dimension dF(a,) of the attractor, we 
choose n* such that 
c: lM2B:d2<n*-1 
(n*-2)< v2 
and, using the inequality 
we obtain, thanks to Proposition III. 1.2, 
c2 Ill2 /qd2 
d,(al)c 1 + v2 
( 1 
2 
’ 
and Theorem 111.1.3 is proven, the final estimate for d,(6IZ i) being obtained 
by replacing /I: by the upper bound (d2 (fl’/v’). 1 
EXAMPLE 2. The problem in an exterior domain. For the case of 
Problem (11.2.1), we obtain the following result: 
THEOREM III. 1.4. The global attractor d, associated to (11.2.1) has finite 
fractal dimension d,(G12), bounded from above by (1 + CTli If 12/8crv) 
(1 + c:hfl If 12/4N where Cl is the constant of Theorem 111.1.3 and 
hl = 111 (f,=(n))*. 
Proof: Using the same notations as before, we now have 
Tr(f’(u)oQn)= i (-V dii+ai,+ (l.V5i) iit ii) 
i=l 
=v 
j( 
R i lV[i12)dx+cuz+f j 
i= I R 
(I%)( i ;;)dx. 
i= I 
We still set y(x) = C:= 1 [f(x) and use the LiebThirring inequality to 
obtain 
Tr(f’(u)oQ,)b$ (j y2 1.4 dx)+an 
I Q 
Il.Vu12 dx)li2 (I, y2(x,dx)1’2. 
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Denoting by I, the norm of 1 in (L”(Q))‘, we have 
Tr(T'(u)oQ,,)>-$ (IQ .~~(x)dx) +an 
1 
-; (6 ,vu,'dx)"* (jQ y2(x)dx)"2 
(C, is the same constant as in Theorem 111.1.3). 
We now proceed to derive the estimate for dF(6K2), using a slightly 
different approach: we set /I2 = lim, _ +73( (l/r) jb jn lVu/’ dx)‘j2 and obtain, 
for t large enough, 
112 
fj~Tr(I..(.(-i)oQ,)a~~(j .~~d~)+~m-p,l,((j Y~(x)~x) . R R 
For IZ > C:I,,/?:/4av, the polynomial ((v/C:) s2 - /?210~ + an) is always 
strictly positive on the real line, and its minimum value is equal to 
a(n - C~l~fl:/4av). Furthermore, we obtain, as in the proof of Theorem 
111.1.3, the following estimate 
Choosing n such that (n - 2) 6 C~l~/I:l4av < n - 1, we then obtain 
and the final expression for the bound of dF(6E2) is obtained through the 
estimate 
that comes from calculations similar to those in Theorem 111.1.3. 1 
EXAMPLE 3. The fourth-order equation in an unbounded interval. We 
finally study the fractal dimension of the maximal attractor a, for Problem 
(11.3.1). A distinctive feature of this problem, compared to the previous 
examples, is that the weighted estimates play an essential part in the 
estimate of the fractal dimension of the attractor. 
Our result is the following: 
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THEOREM 111.1.5. The global attractor a3 associated to (11.3.1) has a 
finite fractal dimension, bounded from above by 
where C2, C, are absolute constants, and /I3 depends on z, a‘, and the 
weighted norm of the right-hand side f: 
ProoJ Along the same lines, we now set 
f’(u)v=a $+Tv+g (uv), 
and the trace formula becomes 
Tr(f’(u)oQ,)= i (0 $+r[i+E (uii), [i), 
i=l 
where ({i)i=,,,,,,n is now a family in H4(0)n V, orthonormal in H. We 
perform the usual integration by parts, and obtain 
The collective Sobolev inequalities [GMT, NST], applied to this situation, 
yield the result 
s, Y’(X) dx 6 C, .F, ig, (s)’ dx, 
where y(x) = x7= i [f(x) and C, is an absolute constant. We cannot use 
this inequality directly to bound the term fn (au/ax). y dx: this would 
require an estimate for au/ax in ~5’/~(L2) that is not available in an 
unbounded interval. To circumvent this difficulty, we use the weight 
function Ii/(x, t) (choosing t 2 t, > 0), and obtain 
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and therefore 
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>z l 
1 1 
C 
y’dx+sn-- - 
2 Q 0 2 t 
(using Schwarz’s inequality). 
- Let us now set /I3 = hm ,+ +,((l/t) Jb I&A/~xI~ $ dx) ds). Thanks to the 
dominated convergence theorem, it is easy to prove that 
Y(X) 3 ) Y(X) 2, $(x, t) = (1 + lx12)“2 in I,‘(Q). 
We recall that y is in L’(Q), by interpolation between L’(Q) and L5(Q). 
We thus obtain the following estimate for q,,, the choice of t, becoming 
irrelevant as t + +co: 
Using the Holder inequality for the last term of the right-hand 
obtain the final expression for a lower bound of q,,, 
4.s 
C 
j y5dx+sn--fl,C, 
2 R 
where we have set 
side, we 
c3 = jQ (1 +;;,2~5,6)“’ ( 
The rest of the proof is now similar to the case of Example 2: for n > (3/5r) 
(215)“’ (B3 c3)5/3 w4 2’3 , the polynomial ((a/C,)s’ + m - f13 C3s2) is 
always strictly positive on the nonnegative real axis, and qn will therefore 
be >0 for such values of n. To provide the estimate for d,(6t3), we use the 
upper bound for ( -qi), independent of i, 
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obtained by means of a direct study of the polynomial ((a/C,)? + 
ri - b3 C,s2). The estimate for fi3, which involves tedious calculations, can 
be obtained as follows: we first derive classically upper bounds for the 
norm of u in L”(0, sco; H)n L’(O, T; V). Multiplying Eq. (11.3.1) by (ulc/), 
we then obtain estimates for Jn lu21 $ dx and Jn l8’~/8x~\~ $ dx (using the 
non-weighted estimates and the weighted norm of the right-hand side), 
from which we finally derive estimates for j13 by interpolation. 
APPENDIX 
Proof of Lemma II. 1.1. As a consequence of the Closed Graph 
Theorem, it is sufficient o prove that the solution of the Dirichlet problem, 
-Au=f in L2(Q), 
24 Eff#4, 
(A.1) 
belongs to H’(Q). 
A weak solution of (A.l) in HA(Q) is easily found, thanks to Poincare’s 
inequality. We then use the method of differential quotients: for h # 0, we 
set w,, = (U(X + h, y) - u(x, y)/h. For every h # 0, w,, belongs to HA(Q) and 
solves the Dirichlet problem 
-Aw 
h 
= f(x+h, Y)-fk Y) 
h 
in Q, 
(A.1,) 
Wh E H@). 
Thanks to the estimate 3C, Vh # 0, lifhll Hmlcnj <C, we easily see that wh is 
uniformly bounded (in h) in H;(O); passing to the limit, we see that au/ax 
is in H;(Q). We then remark that a2~/dy2 =(Au - (8/8x)(%/8x)) E L’(Q), 
and therefore u is in H*(Q). 1 
Proof of Lemma 11.2.1. Once again, we consider the solution u of 
-vAu+au=f in Q, 
u E H;(Q), 
(A.21 
and we want to prove that u is in H2(L2). 
Thanks to the coercivity term C(U, we easily obtain a weak solution u in 
HA(Q). We then write u as cpu + (1 - cp)u, where cp is = 1 in the comple- 
ment of a ball B of sufficiently large radius containing the complement of 
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FIGURE 1 
0 in its interior; see Fig. 1. For simplicity, we assume that 0 d cp < 1, 
(pEC”(R2). 
The term (1 - cp)u is in H$Q n B), and its Laplacian is in L2(!2 n B), 
thanks to the H’ regularity of U. The classical results for elliptic equations 
imply that (1 - cp)u is in H2(Q n II). 
Furthermore, due to the choice of cp, (1 - cp)u is in fact in Ht(SZ n B), 
and can therefore be extended by 0 to a function in H2(sZ). 
As for cpu, we first extend it by zero to a function @u in H’(R’), with 
A(@) E L2(R2); by Fourier transform, we thus see that $u is in H*(lR’), 
and therefore rpu is in H*(Q). 
Combining the results for cpu and (1 - cp)u, we obtain that u is in 
ff2(Q). I 
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